Properties of a genus.
A quadratic form ƒ= X JTXOC -/ j(tjjXjX4 IS called integral if its coefficients an and 2a»-y (i, i = l, • • • , n) are integers. We shall assume that the determinant, | ƒ | or | A |, of ƒ is not zero.
The linear transformation x = Ty replaces ƒ by the form g of matrix T'A T. We shall single out the cases where the elements of the matrix T are (a) real, (b) rational, (c) rational but with denominators prime to a given integer k, (d) integral with | T\ prime to k, (e) integral with | T\ = ± 1, (f) integral with | T\ = 1. In each case we assume | T\ 5*0. In cases (e) and (f) we shall call T respectively unit-modular and unimodular.
If ƒ is replaced by ^6^?, by a real transformation, the number of negative coefficients bi is invariant (under real transformations), will be denoted here by i, and called the index of ƒ. We learn in algebra that n and i comprise a complete invariant system under real transformations.
Gauss called ƒ and g equivalent if T is unimodular. All forms equivalent to a given one constitute a class. Some recent writers have defined class by means of what we have named unit-modular transformations. There is no essential difference, and any statement about one kind of class can be immediately interpreted in terms of the other kind.
A genus will consist of a finite number of classes, and can be defined in several ways. Since we shall have a later use for the result, we shall recall Gauss's original definition of genus for binary quadratic forms, or rather a slight modification of his definition. Any integral b.q.f. can be written as f=di(ax%+bxiX2+cx%) =di/i, where*di is a positive integer, and a, b, c are coprime integers. The quantities di, D~b 2 -4cac t and index t, are invariants of ƒ under unit-modular transformations. These quantities satisfy the conditions ( -1) 'D < 0 ; £> s= 0 or 1 mod 4 ; i = 0, 1, or 2. Besides these, the following quantities, called generic characters, are invariant: Here -D = 2% where e is odd, and p stands for ( -11 e). (What we mean is that if/i is replaced in the character (fi\ p) by any number n represented by/i and prime to p, the value of the Legendre symbol (n\p) is always the same; similarly if p= z 2, n being odd and represented by jfi.) The preceding invariants are not (unless D is a square) independent, but are easily shown to satisfy the single relation (2) (21 ƒ,)
where ei = | e|. This complicated relation will be given a more elegant form in §7. Gauss defined two binary forms ƒ and g as in the same genus if they have the same values for their invariants du D, t, and (1). This definition has the merit that the invariants are easily computable, and so one can tell in a jiffy whether two given forms are, or are not, in the same genus. Then Gauss proved, for binaries, two simple properties which were later extended to three, and then to n, variables, by Smith Minkowski [6, p. 71 ] in effect defined a genus by means of the property in Theorem 2.1. He then used the obvious fact that the numbers of solutions oif^n mod k and g^n mod k must be the same for every n and k, to obtain a complete (but complicated) system of invariants, which he showed would imply the equivalence mod k of ƒ and g for every k. Eisenstein [2 ] (for ternaries of odd determinant) and Smith (for w-aries) had previously carried on in the Gauss tradition, and defined a genus by means of directly computable invariants. Smith no doubt obtained these invariants by studying the number of solutions of tjie congruences ƒ sw mod p r , for any prime p. 
The latter condition was obtained by applying the reciprocity law for Gauss sums, and it is not surprising therefore that we can replace it by condition (7) of §5, which is closely related to the quadratic reciprocity law.
3. The essentials of />-adic numbers and Hilbert norm-residue symbols obtained by an independent method. There are at least three interesting points in which our treatment differs from that of Hensel [4, chap. 12] and Hasse [3] . First, we shall define a symbol, which, although essentially equal to Hubert's norm-residue symbol, is defined more simply and symmetrically. Second we shall not use £-adic numbers as such, but shall replace them by rational congruences. Third, we can get all the results of Hasse (on rational quadratic forms) by strictly elementary methods (cf. §6).
Let p be a given prime. Two nonzero rational numbers a and b will be said to be in the same p-adic class if, for each positive integer r, there exists a rational number x such that (1) ax 2 se b mod p\
By (1) we mean that (ax 2 -b)/p r is a rational number whose denominator is prime to p y that is, an integer modulo p. It is easily shown that if p is odd there are exactly four £-adic classes, containing the respective numbers (called £-adic kernels)
where v denotes any given quadratic non-residue mod p ; and if p = 2, there are exactly eight £-adic classes, with the £-adic kernels
To find the £-adic class of any nonzero rational number we need only write it in the form s 2 p a k, where $ is a rational number, a = 0 or 1, and k is an integer prime to p ; and replace k by a number of the same quadratic character, lori>if£>2, ±lor ±3 if £ = 2.
It is useful to introduce a conventional "prime" p, called the prime oo or ^oo ; and for this to understand that the solvability of (1) Two remarks should be made. First, our symbol (a, b) p has the same value as Hubert's symbol (^) in those cases in which Hubert's symbol is defined. Second, in strict analogy to the Hensel £-adic background, which we are here replacing by rational congruences, we might have supposed that it would be necessary to restrict the solution numbers x r and y r in (5) to have the power of p in their denominators bounded independently of r. It is of interest to note in passing that this restriction is unnecessary, not only in the case of (5), but in the more general case of representation of forms by forms.
It follows at once from (5) that
if a' and b' are in the £-adic classes of a and b respectively. Hence (a, b) p can be evaluated by considering only a few cases, and we now give the final results :
(7) (a, b)oo = -1 if and only if a and b are negative; The following properties of the symbol (a } b) Pf valid for all primes p % are easily verified by use of (7)- (9), or can be proved independently: and will be found to be equivalent to various cases of the quadratic reciprocity law.
4. The invariants of a rational quadratic form under rational transformations. Minkowski [6, pp. 219-239] obtained a complete system of such invariants, in 1890, on the basis of his theory for integral forms. The system which we shall now describe is essentially that of Hasse (1923) , the binary and ternary case having been due to Hensel. Hasse gave many beautiful applications, and to appreciate the following developments properly, one should read his work. An exposition containing a number of novel features will be given in a forthcoming book by the author; proofs will be found there of all results stated here without proof. The following remarks should be sufficient for the applications made in §6 to integral forms.
Besides applying rational linear transformations T to ƒ, we are interested in the effect of multiplying ƒ by a nonzero rational number. If *= | T\, evidently |/| is multiplied by t 2 . Also, |\/| =X W |/|. This proves the following theorem. These invariants are not independent of one another, and it is easily seen that they satisfy the relations
Conversely, Hasse obtains many applications of the existence theorem that if n> t, and d are integers, d squarefree, and (c p ) is a complex of signs satisfying (3)-(5)
, then there exists a form ƒ with these assigned values for its invariants. Besides (3 4 ) it should be noted that if ƒ is integral and p is an odd prime not dividing |/|, then c p (f) = +1.
The following formulae are easily proved, and show how easily the invariants c p can be handled in applications. If X is any nonzero rational number, then • --, #n) , where the variables do not overlap, and di = \fi\, d%~ \f<\ , then and any an is prime to p, we can suppose it to be an; if every an is divisible by p, then some 2a^-is prime to p, and we can suppose this true of 2ai2j we replace #2 by #i+#2, and secure an to be prime to p. If p = 2, and any an is odd, we take it to be an; but if every an is even we can suppose ai2 odd, and that an^O.
Thus the matrix of /i is of the form In the first case, where A = (an), this process is tantamount to completing squares by the identity of elementary algebra :
absorbing into a square the terms involving X\. In the second case, it is not difficult to show that one arrives at the same form (of matrix C -B'A~lB) by merely completing squares twice, once for the variable xu then for the variable #2; the denominators 2 which appear in the partial linear transformations disappear in their product. For example, we have and can assert that/is transformed into 2y\ + 2yiy 2 +2y\ + (4/3)^3 by a linear transformation which is integral modulo 2 and has determinant 1. By repeated applications of the preceding process, we evidently arrive at a form (1), where each </>i is either a sum of binary quadratic forms 2(ax 2 + bxy + cy 2 ), b odd, the determinant iac -b 2 odd, or contains at least one term ax 2 , a odd. In these respective cases we shall term <j>i of type B or A» We can now read off from ƒ the complete system of its generic invariants : The invariants (2) relating to the prime 3 are therefore s = 2, £i = 0, C2 =: l, Wl = tt 2 :=2, (41 3) « 1, (413) = 1. The invariants (3)-(6) relating to the prime 2 are s -2, £i = 0, e 2 = 2, Wi = « 2 s =2, both <j>\ and $ 2 of type A, the residue mod 8 of |<£i| |<£ 2 | is 1, the residue mod 4 of \<t>x\ is 3, c 2 (<£i) = ( -5, -7) 2 = +1, c 2 (0 2 ) = +l-The form ƒ is thus seen to be in the same genus as #o+3a^+4:x| + 12#3. It may be remarked that ƒ occurred, along with many more complicated forms, in an investigation of all systems of generalized quaternions permitting unrestricted factorization, and that there are exactly 39 such systems in which the norm-form (a quaternary quadratic form) is positive definite and in a genus of one class.
6. Some remarks on the methods of proof. Certain quantitative results concerning genera of quadratic forms, such as the weight formulae of Smith, Minkowski, and Siegel, have never been proved by strictly elementary methods. It may however be conjectured that any qualitative properties can be so proved. For example, the author has proved all the results of this article by elementary means, without using (for example) Dirichlet's theorem on the existence of primes in an arithmetical progression. This theorem seems to have evaded all efforts to find an elementary proof. Many writers have used Dirichlet's theorem in work on quadratic forms, when they might instead have used the following theorem of Gauss, on the existence of a genus of binary quadratic forms : Now if a is any number represented by /i, it will be found by use of (7)-(9) of §3 that The existence condition §2 (2) therefore takes the simpler form (cf. §5 (7) In many problems, it will be found that either the construction of a binary quadratic form of a suitably determined genus, or the choice
